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What is magnetic helicity?
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• The average pairwise linking of magnetic flux (e.g. Moffatt & Ricca, PRSL 1992).
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What is field line helicity?
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• Field line helicity is just the flux linked with a single field line.

Discrete flux tubes
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Why compute field line helicity?
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1. Invariant under an ideal evolution (by Alfvén’s frozen-flux theorem).

2. Captures topological information (linking of flux).

3. Tells you where helicity is located within a domain.

4. “Finest possible” topological quantity.

Field line helicity A(L) =

Z

L
A · dl
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• Taylor (PRL, 1974) - “When the field lines are closed there is one invariant for each 
line (the volume V then being an infinitesimal flux tube)… The state [of minimum 
magnetic energy] is some force-free configuration                              .“

History
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• Aly (J. Phys. Conf., 2014); Yeates et al. (A&A, 2014) - use this to bound energy 
injection into the corona.

• Yeates & Hornig (PoP 2013, J. Phys. Conf., 2014) - prove “completeness” for fields 
in a cylindrical domain - in another particular gauge.

• Russell, Yeates, Hornig & Wilmot-Smith (PoP 2015) - evolution of FLH under 
reconnection: efficiently redistributed but not destroyed on dynamical timescales.

• Berger (A&A, 1988) - application to “coronal” fields:
• ”field line helicity measures mean angle, weighted by flux, through which other 

field lines twist about L”. 
 [definition of “angle” depends on the gauge - cf. Prior & Yeates (ApJ, 2014)]

• formula for energy of a force-free field - in a particular gauge:
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Open boundaries
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• Gauge dependence corresponds to choice of closing curve.
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Two options
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1. Choose the curves ɣ and find a suitable A.

2. Choose a convenient A (and define ɣ implicitly).

e.g. ɣ is a straight line (Antiochos, ApJ 1987 - “flux per field line”).
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line by any well-behaved curve lying on the boundary surface. 
A particularly convenient curve to use is the shortest geodesic 
connecting the two points because this curve is uniquely 
defined for any boundary surface. We then define k to be the 
flux through the closed contour consisting of the field line in 
the corona and the connecting curve on the boundary surface, 

k = jß- da, (10) 

where a is a surface area bounded by the closed contour. Since 
this closed contour moves with the plasma (for the restricted 
class of motions in which the velocity vanishes on the 
boundary), the flux through the contour must be constant by 
the “frozen-in-flux” theorem (Newcomb 1958). Thus, for fixed 
connectivity all the /c’s are topological invariants. 

In our particular model the connecting curve on the bound- 
ary is a straight line on the plane z = D. Figure 3 shows a 
representative field line, labeled “ 1,” along with its connecting 
curve. The closed contour Cj consists of a curve C1B in the 
corona, which is simply the field line, and the curve C1& on the 
photospheric surface. Let us now calculate k for this field line. 
We have 

(Va x \ß) -da= h 
Ja Ja 

/q = j (Va x \ß) -da = | V x (a\ß) • da , 

and by Stokes’s theorem. 

<i = Í (< 
JClB 

(a\ß) ��dS + (a\ß) • dS. 

(H) 

(12) 
Cib 

Note from the derivation that a and ß can be interchanged in 
the integrands without any change on Since Clß is a field 
line, we have that 

dS = (B/B)dS (13) 
on C1B. However, from equation (1) 

\ß -B = \oi • B = 0 ; (14) 
hence, the first integral vanishes identically, and k1 reduces to 

k, 
Ci f, 

oc -- dx + oc — dy dx dy (15) 

Equation (15) is the key result. It shows that the flux through 
any coronal field line is determined solely by the values of a 
and ß on the boundary, i.e., by the connectivity. Thus all the 

Fig. 3.—Illustration of a coronal field line and its connecting curve on the 
photospheric boundary. The coronal line is indicated by the dark solid curve, 
and the boundary curve is indicated by the light, solid straight line. The area 
that these curves enclose is shaded. 

topological constraints incorporated in the set of /c’s are 
included in the boundary conditions and are not additional 
constraints on the field. 

b) Field-Line Wrapping Pattern 
In this section we will show explicitly how the wrapping 

pattern of each field line about every other line can be deter- 
mined solely from the positions of the photospheric footpoints. 
At first thought it may seem unlikely that this can be done; the 
field lines appear to be free to wind around each other irrespec- 
tive of their footpoint positions. On the other hand, the flux- 
per-field line, k, is obviously dependent in some manner on the 
wrapping pattern; hence, equation (15) suggests that, at least 
for fields of the form (1), it may be possible to relate the wrap- 
ping to the connectivity. 

First, we must quantify the concept of line wrappings. Con- 
sider any field line, for example, the line labeled “1” in Figure 3. 
Along with its connecting curve on the boundary, it defines a 
closed contour Ci and, consequently, an area a1. Note that a 
magnetic field line has an unambiguously defined direction; 
therefore, we can use the right-hand rule to define an unam- 
biguous direction for a1. The wrapping of line 2 about line 1 
can be defined (see Zeldovich, Ruzmaikin, and Sokoloff 1985) 
as the sum of the piercings of area a1 by line 2 with each 
piercing contributing +1 if the intersection is in a positive 
sense (parallel to aj or —1 if it is in a negative sense 
(antiparallel to «J. This quantity, let us call it 11^ 2, is a function 
of four variables since it requires four variables to specify the 
two field lines, W = W(a1, ß1; a2, /?2); however, it is evident 
from the definition that W has only integral values, and for 
most pairs of field lines we would expect W = 0. We illustrate 
^(a!,/?!; a2, ß2) in Figures 4a-4c for several cases. In 
Figure 4a two field lines are shown which both have zero 
wrapping about field line 1, W12 = W13 = 0; in Figure 4h 
Wl2 = W13 = +1; and in Figure 4c, W12 = —2. The relation- 
ship between the /c’s and the wrapping is now clear. Since each 
field line can be thought of as an infinitesimal flux tube, 
W(a1, ß1; oc2, ß2) measures the contribution of flux tube 2 to 
the integral/Ci. 

An explicit formula for evaluating W can be obtained from 
the Gauss linkage integral (e.g., Moifatt 1969). For any two 
closed curves Q and Cj the Gauss linkage is given by 

LciCi — . Q 4n dSi x (b dSj • ~i , 
JCi Kij 

(16) 

where = rt — rj and and rj are the position vectors to the 
point St on Ci and Sj on Cp respectively. The Gauss formula 
measures the linkage of the two curves and, therefore, is an 
invariant for all deformations of and Cj that do not cut 
either curve. We would like to relate the linkage (16) to the 
wrapping W, but this cannot be done directly since the coronal 
field line 2 (curve C2B) is not closed. In order to circumvent this 
difficulty we close C2B by introducing an arbitrary curve C2x 
that does not intersect the area a1. If C2x does not pass through 
a1? it can have no effect on the linkage. One simple way to 
insure this is to take C2x to be any curve that connects the 
endpoints of field line 2 and lies below the photospheric 
boundary surface. Defining C2 to be the closed curve ^2 — ClB 
+ C2x, then the wrapping is simply equal to the linkage, 

JF(ai, ßi; a2, ß2) = LClC2 , (17) 
and we can use equation (16) to calculate the wrapping of any 
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e.g. ɣ is a projection of the field line.

e.g. following slides use DeVore-Coulomb gauge…



Example 1 - NLFFF model of active region
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NLFFF extrapolation for AR 10930 (12/13 Dec 2006)
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• Extrapolation by Mike Wheatland from Hinode/SOT magnetogram. 
(best performing method in Schrijver et al., ApJ, 2008)

Image: Ryutova et al., ApJ, 2011
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Before and after the flare…
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Before and after the flare…
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• Significant decrease in helicity during the flare (about 33%).



Example 2 - Global simulations
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Magneto-frictional model
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Yeates & Hornig (A&A, 2016)

• Time-dependent coronal simulation:

• Driven by surface flux transport model.

• Injects helicity by footpoint shearing.
• Concentrates into twisted flux ropes.
• Ejection of twisted ropes.

• Used spherical DeVore-Coulomb gauge:
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Example with no emergence
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Yeates & Hornig (A&A, 2016)
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• 1561 erupting and 2099 non-erupting ropes. Lowder & Yeates (ApJ, 2017)
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Estimated ejection rates
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• At peak strength of pre-erupting rope.
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• Totals ejected over Solar Cycle 23:
• 3.5 x 1024 Mx magnetic flux
• 2.4 x 1046 Mx2 magnetic helicity

• But our ejection rate of 0.24 per day is lower 
than LASCO CME rate.

• Similar to magnetic cloud estimates by 
Démoulin et al. (Solar Phys. 2016)  
~ 3 x 1024 Mx,  ~ 2.5 x 1046 Mx2.

ejected 
helicity 
per day

ejected flux 
per day



http://www.maths.dur.ac.uk/~bmjg46/

Conclusion

Maybe field line helicity can be useful in your application!
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