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We compute acoustic Green’s functions 1n an axisymmetric solar background model, which may include a meridional flow and differential rotation. The wave equation 1s solved 1n
the frequency domain using a finite element solver. A transparent boundary condition for the waves 1s implemented in the chromosphere, which represents a great improvement 1n
computational efficiency compared to implementations based on ’sponge layers’. We perform various convergence studies that demonstrate that wave travel times can be computed
with an accuracy of 0.001 s. This high level of numerical accuracy 1s required to interpret travel times in the deep interior, and 1s achieved thanks to a refined mesh in the near surface
layers and around the source of excitation. The wave solver presented here lays the ground for future iterative inversion methods for flows in the deep solar interior.

This poster 1s continued from Chris Hanson’s ’Computational Local Helioseismology in the Frequency Domain’ poster.

previously. Travel times converge to an asymptotic value for m,,,, > 25 with an accuracy of ~ 0.01 s.
We note that a larger m,,,, 1s needed to achieve convergence for shorter separation distances.
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Computational mesh, boundary conditions

The computational domain 1s descretized with a mesh
adapted to the steep variations of the solar background
(Fig.5). Forr > 0.7R, the cell height is set to be equal
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Figure 5: Geometrical setup and mesh used in Mon- setu P Y = @
tjoie for solving the wave equation. P- 5
Atmosphere extension. On the computational bound-
ary S, we first implement a Sommerfeld-like BC —0f —0.05¢
onG, = 1k,G,on S, (12)
which 1s valid if the background 1s locally uniform at
the boundary. To be able to use this BC, we extend the 00 02 04 06 08 10 00 o2 04 o6 o8 1o %% 30 20 50 60 70 80 90
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density and sound speed profiles up to 4 Mm above the
photosphere. After a smooth transition region between
500 km (end of the standard model) and 2 100 km, the
background i1s assumed to be uniform. The acoustic cut-
off frequency, defined by:

Figure 9: Left and center panels: Kernels (K, ) and (K,,) for the r and & components of the flow. Point r; is at the north pole
(photosphere) and point r, is at 45° latitude. The values of the kernels are scaled by the sound speed ¢ and are saturated at 1/600-th of
the maximum value. The ray-path connecting the two points is shown (thick black line) as well as the computational boundary (black half
circle). Right panel: Comparisons of the travel times computed directly from the cross-covariance function and computed from the kernels
(black crosses). The travel times in the forward modelling are measured from the pole to latitude 45° (blue curve), and in the opposite
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1s then equal to zero 1n a layer below the computational
boundary (Fig. 6). In this layer, waves with frequencies
above ~5.3 mHz propagate out until they are attenuated

by the boundary.

Figure 6: Extension of the density (top) and sound-
speed (middle) profiles. Bottom panel: resulting acous-
tic cut-off frequency.

Accuracy of the solver in a solar-like context

Green’s function comparison To adress the accuracy of our forward solver, we measure the conver-
gence of Green’s functions G'”) computed on the mesh shown in Fig. 5 with polynomials of order
2 < p < 12 towards a solution G,s. As we cannot determine the exact solution to our problem,
we use for G,s a numerical solution to Eq. (1) computed on a highly refined mesh with high-order
discretization (order 13).

As shown in Fig. 7, the relative difference between the imaginary parts of G'”) and G, reaches a
value of ~ 107° for the order of discretization p = 10 that we use in practice.
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Figure 7: Relative difference of imaginary parts of

7 rrlle

= %f Green’s functions computed with order of discretiza-
21074k o
S .| | tion p and a reference solution, for separation distances
g © = 30°, 60° and 90°, and frequencies w/2r = 3 mHz
Z:, = , 4 and 7 mHz. Solid lines indicate simulation without flow,
§ 0 o — o and dashed lines computations including a meridional
B gl — e=6o | | — ©=60 Yy flow cell in the background (see [3] for a description of
— 9 =90° | — O =90° | . '
10-10L - 1L .5 1 the flow cell). 10 729 is the number of cells in the mesh
10 10 10 10 10 10 .
Number of degrees of freedom, 10729(p + 1)* with extended atmosphere.
Travel time accuracy. We now compute compute the 10y -:
travel-times 67 induced by solving Eq. (1) with orders |
of discretization 2 < p < 12, for waves originating from 3 10% |
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quency resolution of 3.3 Hz, and a constant damping -
v/2m = 30 uHz. Our method achieves a travel-time ac- Number of degrees of freedom, 10729(p + 1)*
curacy of 8 ms for the order of discretization 10 (Fig. 8),
with or without the presence of a background merid-
ional flow [see 3]. This result can be improved up to
I ms if we use order 12, which 1s ~50% more compu-
tationally expensive.

Figure 8: Travel times induced by using a lower order
of discretization p. Dashed and solid lines indicate re-
spectively simulations with and without background flow.

Accuracy of Flow Kernels. Figure 9 shows a simplified case of kernels defined in Eq. (10) for
a meridional flow, where the kernels for flow components K, and K,, are azimuthally averaged
[(K u) s (K u(;>] . Here, we compare the travel time differences induced by a meridional flow cell through
forward modelling as well as using Eq. (5). We find that the accuracy of our kernels 1s of the order
10~% s. This is an important result, as it demonstrates that our kernels have sufficient accuracy for the
interpretation of solar travel times. For meridional circulation measurements, the noise in the travel
times 1s typically of order 0.1-0.5 s [4] .

When the two sources are off-axis, the azimuthally averaged kernels require the computation of
many components (K ),,. Figure 10 shows the components of flow kernel for all m < 35. To test the
convergence in m of these kernels, we calculate individual kernels including all modes |m| < M.
and compute travel times as a function of m,,,. 1n the presence of the same meridional flow as used

direction (red curve). The accuracy of the travel times is of order 107 s.
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Figure 10: Left and center panels: Kernels (K, ) and (K,,) for the r and & components of the flow, using all azimuthal components
Im| < mumax = 35. Point rq is at latitude 61° and point r; at 19°. The separation distance between points »; and r is 42° with the center
point located at a latitude of 40°. The ray path connecting the two points is shown in black, and reaches a depth of 0.72 R...

Right panel: convergence of the travel times as a function of m,,..., for the North-South (blue) and South-North (green) travel directions.
The red curve shows their difference.

A new BC to improve computational efficiency.

A major drawback of the atmosphere extension 1s that it requires a very high number of mesh cells
above the solar surface. Here we introduce a radiating BC that simulates the presence of an atmo-
sphere 1in which the sound speed 1s constant, and the density exponentially decaying, without adding
any layers to the original mesh. The derivation of this BC at different orders is detailed in [1]. Here
we tested the first order BC, that 1s:

o, | c’
c 4 H?w?
where H 1s the density scale height at the end of model S. Note that the two BCs are equivalent in a

uniform background.

1
0nG,, = EG“’ + G, on S, (15)

Table: Requirements for a single m — w Green’s function. Note that a full 3D Green’s function
computation typically requires more than 3 600 frequencies and about 150 m modes to produce
accurate kernels.

BC Mesh cells CPU Time Memory
(12) 10729 199 s 10.1 GB
(15) 5097 91 s 5.0GB
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