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Topics

Turbulent transport 

- Helicity effect in momentum transport 

- Cross-helicity effect in magnetohydrodynamics 

- Density-variance effect in dynamo



I. Turbulent transport



Turbulence effects 
on mean fields

Mean-field equations

Mass

Momentum

Magnetic field

Energy

Turbulent correlations

Reynolds (+ turb. Maxwell) stress

Turbulent electromotive force

Transport coefficients

enhancement suppression

enhancement suppression



Transport coefficients
An example: Turbulent magnetic diffusivity

- Parameters

- Mixing length

- Transport equations

- Turbulence energy

- Propagators



II. Helicity effect  
in momentum transport



where

Basic field: homogeneous isotropic but non-mirror-symmetric

Eddy viscosity

Helicity-related  
coefficient

helicity inhomogeneity is essential

mixing length

Statistical assumptions on the basic field

Calculation of the statistical quantities by DIA



Reynolds stress 〈uʹyuʹz〉 (top), 
helicity-effect term (∇H)z 2ωFy (middle), 
and their correlation (bottom).

Mean axial velocity Uy (top), turbulent 
helicity multiplied by rotation 2ωFH 
(middle), and their correlation (bottom).

Early stage Developed stage

Reynolds stress
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δωω′−
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δH+
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Physical origin

VM ⌘ hu0 ⇥ !0i

Rij ⌘ hu0iu0jiReynolds stress

Vortexmotive force



Flow generation in tropical cyclone
Kosuke ITO, Geophys. Fluid Dyn. Seminar 

Shikotsuko, 25-27 Aug. 2017

Secondary Eyewall Formation (SEF)

Huang et al., 2012Houze, 2009

Flow acceleration



Angular momentum around the rotation axis

Vector flux of angular momentum

Helicity effect

Miesch (2005) Liv. Rev. Sol. Phys. 2005-1

Angular-momentum transport  
in the solar convection zone



Duarte, et al, (2016) MNRAS 456, 1708

Helicity effect in the stellar convection zone
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Helicity Helicity 
Gradient

Azimuthal 
Vorticity

Helicity 
effect

Reynolds 
stress
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III. Cross-helicity effect in 
magnetohydrodynamics



differential rotation, “Ω effect”

Mean field

Turbulence
B

U

∇U

Inhomogeneous HomogeneousHomogeneous

“Ansatz”

Modelling in dynamos
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cross helicity



δb′

u′ × δb′

B

u′

ω′

∆u′

〈u′⋅ ωω′〉 > 0
δu′

δu′×b′

Ω

u′
b′

〈u′⋅b′〉>0
u′×ΩΩ

α dynamo

cross-helicity dynamo

helicity effect cross-helicity effect

α and cross-helicity effects

mean vorticity

(Yokoi, GAFD 107, 114, 2013)
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Validation of expressions
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f x(y) = f0 sin (2πy/Ly)
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DNS of electromotive force in Kolmogorov flow (Yokoi & Balarac, 2011)

(Rahbarnia, et al. ApJ, 2012)



Poloidal

Toroidal

Cross
helicity

Toy model for solar-activity cycle
(Yokoi, et al, 2016)



Relative importance of  
cross-helicity to differential-rotation effects

Spatial distribution of cross helicity Relative magnitude of the cross-helicity 
to the differential rotation terms

Provided by Mark Miesch (2016)



Solution for magnetic-field variation
Mean induction equation

Reference

Modulation

c.f.

Turbulence



Solution for momentum variation
Mean momentum equation

Reference

Modulation

Mean Lorentz force

Turbulence

Turbulence



IV. Density-variance 
effects



Shock–turbulence interaction
Anisotropy of turbulent intensities

Transverse vortical structures
Vortex generation mechanisms

Baroclinicity, helicities

Turbulence generation
Turbulence transport
Transport enhancement or suppression

(Lee, Lele & Moin, 1997)

(Lee, Lele & Moin, 1993)

(Garnier, Adam & Sagaut, 2009)



Fundamental equations



Density-variance effects
Density variance

ξ⊥

ξ⊥

ξ⊥

∇⋅ξ⊥< 0
∇⋅ξ⊥> 0
∇⋅ξ⊥< 0

B
δb′

∇Cρ

δu´ / (∇⋅u´)

Simplest expressions for the density and internal-energy fluctuations

An example: 



δb´

δu´ ∇Cρ

B
−〈(∇⋅u´)2〉∇Cρ × B

δb´

δu´ ∇Cρ

B
−〈(∇⋅u´)2〉∇Cρ × B

δu´×δb´ δu´×δb´

〈∇⋅u´〉 > 0 〈∇⋅u´〉 < 0

Irrespective of the sign of dilatation, the electromotive 
force is generated in the direction of B x ∇ρ



B

∇Cρ
−  ∇Cρ × B

shock

u in

uout

upstream

J

where

Energy generation due to the mean density variation

Note that

In the slow shocks in magnetic reconnection, the turbulent 
electromotive force due to the mean density variation is expected 
to enhance the turbulence generation in the foreshock (upstream) 
region but no effects in the aftershock (downstream) region. 
Turbulence intensity should be enhanced across the shock.



Turbulent cross helicity 
in compressible MHD
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Turbulent energy

Turbulent cross helicity

Density variance

Turbulent residual helicity

Turbulence model



Summary
- Turbulence effects on mean fields

- Density-variance effects
- Density variance in Electromotive force

- Helicity and cross helicity

- Turbulent mass and energy fluxes

- Enhanced turbulent energy generation in slow shocks



Magnetohydrodynamic Case

𝛼 dynamo

Cross-helicity dynamo 𝛼 and cross-helicity dynamo

Only transport enhancement  
or structure destruction

Energy Cross helicity Helicity

Widmer, Büchner & Yokoi Phys. Plasmas, 23, 092304 (2016)

Guide field

: Mean velocity strain

: Mean magnetic strain


