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~	Why	does	we	focus	on	the	Rossby	number	?	~

1.	Current	Status	of	Observa9on	of	
					Magne9c	Ac9vi9es	of	Low-Mass	Stars



：solar-type	stars	(F,G,K)	[two-layers:	CZ	+	RZ]
：rapidly-rota9ng	M	dwarf	(fully-convec9ve)
：	slowly-rota9ng	M	dwarf	(fully-convec9ve)

Sun

Wright	&	Drake	(2016),	Nature
see,	also	Wright+11

Stellar	X-ray	luminosity	v.s.,	Rossby	number	

mechanism that does not rely on a shear layer. Existing dynamo simulations for fully convective stars 
succeed in generating magnetic fields, but are unable to predict their behaviour as a function of the rotation 
rate17. However, it seems unlikely that both partly and fully convective stars would have the same rotation–
activity relationship (requiring both their dynamo efficiency and rotational dependence to behave in the same 
way) without their dynamo mechanisms sharing a major feature. 
 
A third possibility is that convection in the cores of fully convective stars could be magnetically 
suppressed27, leading to the existence of a solar-like tachocline, although some studies suggest that 
convection would not be completely halted, only made less efficient28. Furthermore, the field strengths that 
are necessary for such a transition are 107–108 G (refs 28, 29), orders of magnitude larger than the fields 
thought to exist in the solar interior and at levels that simulations suggest are impossible to maintain30. 
 

 

	
Figure	 1.	 Rotation–activity	 relationship	 diagram	 for	 partly	 and	 fully	 convective	 stars.	 Fractional	 X-ray	
luminosity,	LX/Lbol,	plotted	against	the	Rossby	number,	Ro	=	Prot/τ,	for	824	partly	(grey	circles)	and	fully	(red	circles)	
convective	 stars	 from	 the	 most	 recent	 large	 compilation	 of	 stars	 with	 measured	 rotation	 periods	 and	 X-ray	
luminosities7.	 The	 best-	 fitting	 saturated	 (horizontal)	 and	 unsaturated	 (diagonal)	 rotation–activity	 relationships	
from	that	study	are	shown	as	black	dashed	lines.	The	four	slowly	rotating	fully	convective	M	dwarfs	studied	here	are	
shown	 in	 light	 red	 (error	 bars	 indicate	 1	 standard	 deviation).	 The	 uncertainties	 for	 the	 other	 data	 points	 are	 not	
quantified	 but	 will	 be	 comparable	 to	 the	 M	 dwarfs	 for	 the	 Rossby	 number	 and	 approximately	 twice	 as	 large	 for	
LX/Lbol.	
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Since	Lx	reflects	Tcorona,	which	is	determined	by	magne9c	ac9vity,		
we	believe	that	it	should	be	an	indicator	of	stellar	magne9c	ac9vity

ROSAT,	Chandra

This	flat	ceil	is	considered	to	be	related		
to	the	satura9on	of	the	coronal	hea9ng	
(see,	e.g.,	Blackman	et	al.	2016)

Focus	on	this	regime	
(The	magne9c	ac9vity	is	directly		
	reflected	in	the	X-ray	luminosity)

・The	low	mass	star	(F,	G,	K,	and	M-type	here)	has	a	same	or	similar	Lx	-	Ro	rela9onship
・Stellar	X-ray	luminosity	is	strongly	dependent	on	the	Ro	with	focusing	on	the	regime	Ro	>	0.1~

・The	stellar	magne9c	ac9vity	is	a	func9on	of	Ro,	not	solely	the	stellar	mass,	luminosity,	&	structure

Already	shown		
by	Warnecke-san



・ZDI	Observa9on	of	B-field	of	Stars：

by	Zeeman	Doppler	Imaging	(ZDI)

Bave	∝	Ro-1.4
Bp2	∝	Ro-2.3
Bφ2	∝	Ro-3.0

（Vidojo+14)

●

Strength	of		
mean-field

–

Energy	of		
Bp-component

–

（See+15)

（See+15)

Magne:c	field	of	Low	Mass	Stars	v.s.,	Rossby	number	

– Energy	of		
Bφ-component

・All	the	B-field	components	become	weaker		
				with	the	increase	of	the	Ro

In addition to the Lx, the information of the B-field is also obtained: 

・Ro-dependence	has	been	long	known	(e.g.,	Noyes	
				+84;	Brandenburg	+98)	but	is	not	fully-resolved



2.		The	Ro-dependence	of	Convec9ve	MHD	Dynamo		
						in	a	Simplified	Semi-global	Simula9on		

Our	tool	for	capturing	the	essence	of	the	physics		
of	the	Ro-dependence	of	the	convec9ve	dynamo



z

x

y

Nx×Ny×Nz	=	2563

①Numerical	Sepng	:	strongly-stra9fied	atmosphere	modeling	the	solar	CZ

●	Basic	eq：Compressible	MHD【rota:ng	coordinate】
●	1-layer	polytrope【convec:on	zone	only】	
				aspect	ra)o：Lx/Lz	=	Ly/Lz		=	4,	Ω	is	an:parallel	to	g

●	non-D	parameter	:	Pr	=	12,	Pm	=	2,	Ra	=	3.6×107

-	B-field	・・CZ	surface：Open	Boundary	
　　　　						CZ	bojom：Perfect	Conductor

●	polytropic	index：1.49	(super-adiaba:city	δ=10-3)

-	u-field・・	stress-free	at	CZ	surface	and	bojom

-	constant	dε/dz	at	the	bojom		→	driving	convec9on

●	Boundary	Condi:on（horizontally	periodic）：

Semi-global	Dynamo	Model	(see	YM	&	Sano	2016,	similar	to	Bekki-san’s	model)

②	Control	Parameter	:	angular	velocity（Ω）

g

We	solve	global	structure	in	the	depth	direc9on	but	assume	periodicity	(local)	in	the	horizontal	direc9on

・density	contrast	=	700	
・covering	over	the	layer	of	
　0.71Rsun	<	r	<	0.99Rsun
・no	mean-flow	and	thus	no	Ω-effect

By	changing	Ω,	Ro-dependence	is	studied

Ω

dynamo	ac9vity	in	the	strongly-stra9fied	convec9on



Progenitor Model (Ω = 0) (a) Ω = 0.05 (b) Ω = 0.1

(c) Ω = 0.25 (d) Ω = 0.5
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(e) Spectra  Progenitor Model (Ω = 0) (a) Ω = 0.05 (b) Ω = 0.1
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(e) Spectra  

Response	of	Turbulent	Convec9on	to	the	Change	of	Ω

②Convec9ve	velocity	decreases	with	the	increase	of	Ω
①Convec9ve-cell	shrinks	with	the	increase	of	Ω

YM&Sano18	in	prep.

increase	of	Ω
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→ Ro = 0.09

→ Ro = 0.04

→ Ro = 0.015

→ Ro = 0.005

evaluated	as

Ro ≡ 
2Ω dcz

urms

velocity	decrease

size	shrink

From	the	distribu:on	and	spectrum	of	uz		

(model	1) (model	2) (model	3) (model	4)

(model	1)

(model	2)

(model	3)

(model	4)

Surface	distribu9on	of	the	convec9ve	velocity	for	the	models	with	the	different	Ω：	

history	of	the	RMS	velocity



Ro-dependence	of	Turbulent	Convec9ve	Dynamo①
Depending	on	the	Rossby	number,	the	dynamo	proper9es	also	change:		

YM&Sano18	in	prep.→		Rocrit	~	0.015	-	0.04
There	exists	a	cri:cal	Ro	for	the	
successful	large-scale	dynamo

Ro	>	Rocrit

Ro	<	Rocrit

High	Ro	model:	
-	turbulent	B-field	becomes	dominant
-	weak	large-scale	B-field	grows	ini9ally	

●

		but	is	not	sustained	and	decays	with	9me

Low	Ro	model:●
-	strong	large-scale	B-field	grows	and		
			is	sustained	for	sufficiently	long-9me
-	turbulent	and	large-scale	fields	co-exist

model	1 model	2

model	3 model	4

model	1

Ro = 0.09   (model 1)
Ro = 0.04   (model 2)
Ro = 0.015 (model 3)
Ro = 0.005 (model 4)

YM&Sano16	

model	2

model	3

model	4

●	distribu9on	of	the	ver9cal	field	(Bz)	@	CZ	surface●	9me-evolu9on	of	εmag



(a) Ro = 0.09 (τcv = 31)

(d) Ro = 0.005 (τcv = 54)

(b) Ro = 0.04 (τcv = 34)

(c) Ro = 0.015 (τcv = 44)
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Ro-dependence	of	Turbulent	Convec9ve	Dynamo②
Time-depth	diagram	for
・High-Ro	model	:		
		〈Bh〉starts	to	grow,	but	decays	as	t	passes	
・Low-Ro	model	:		
		〈Bh〉grows	and	is	then	maintained	

● 〈Bh〉

The Astrophysical Journal Letters, 755:L22 (5pp), 2012 August 10 Käpylä, Mantere, & Brandenburg

(a) (c)

(b)

Figure 1. (a) Normalized time-averaged mean rotation profile Ω/Ω0 =
Uφ/(Ω0r sin θ ) + 1. (b) Relative kinetic helicity density hrel. (c) Rotation profile
(color contours) and meridional circulation Um = (Ur, U θ , 0) (arrows) near
the equator. From Run B4m.
(A color version of this figure is available in the online journal.)

and pis the pressure. The fluid obeys the ideal gas law with
p = (γ − 1)ρe, where γ = cP/cV = 5/3 is the ratio of
specific heats at constant pressure and volume, respectively, and
e = cVT is the internal energy. The gravitational acceleration
is g = −GM r̂/r2, where G is the gravitational constant,
M is the mass of the star, and r̂ is the unit vector in the
radial direction. We omit the centrifugal force (cf. Käpylä
et al. 2011b). The rate of the strain tensor S is given by
Sij = (1/2)(ui;j + uj ;i) − (1/3)δij∇ · u, where the semicolons
denote covariant differentiation (Mitra et al. 2009).

2.1. Initial and Boundary Conditions

The initial state is isentropic and the hydrostatic temperature
gradient is ∂T/∂r = −g/[cV(γ − 1)(m + 1)], where m = 1.5

Figure 2. Bφ near the surface of the star at r = 0.98 R as a function of latitude
90◦ − θ for Co = 4.7 ((a), Run B3m), 7.6 ((b), B4m), and 14.8 ((c), B5m). The
white dotted line denotes the equator 90◦ − θ = 0.
(A color version of this figure is available in the online journal.)

is the polytropic index. We fix the value of ∂T/∂r on the
lower boundary. The density profile follows from hydrostatic
equilibrium. The heat conduction profile is chosen so that
radiative diffusion is responsible for supplying the energy
flux in the system, with K decreasing more than two orders
of magnitude from bottom to top (Käpylä et al. 2011a). A
weak random small-scale seed magnetic field is taken as initial
condition (see below).

The radial and latitudinal boundaries are taken to be impen-
etrable and stress free; see Equations (14) and (15) of Käpylä
et al. (2011b). For the magnetic field we assume perfect con-
ductors at the lower radial and latitudinal boundaries, and radial
field at the outer radial boundary; see Equations (15)–(17) of
Käpylä et al. (2010). On the latitudinal boundaries we assume
that the thermodynamic quantities have zero first derivatives,
thus suppressing heat fluxes through the boundaries.

On the upper boundary we apply a blackbody condition

σT 4 = −K
∂T

∂r
− χtρT

∂s

∂r
, (5)

2

Ro	=	0.035

Ro	=	0.02

Kapyla+12	(see	also,	Warnecke+14)

NO	cyclic	large-scale	dynamo

cyclic	dynamo

Ro-dependence	of	global	spherical	model

Rocrit	~	0.02	-	0.035
From	global	model

	Compa:ble	

The	mechanism	which	determines	the	success	or	failure	of	dynamo	seems	to	be	common	
in	both	global	and	our	semi-global	models	because	of	the	similar	Rocrit.	

model	1

model	2

model	3

model	4

Ro	>	Rocrit

Ro	<	Rocrit

Rocrit	~	0.015	-	0.04

From	our	model

Presence	of	the	large-scale	component	can	be	confirmed	from	TD	diagrams:		



Bz	evolu9on	＠CZ	surface
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Fig. 4.— (a) The temporal evolution of 2D Fourier spectrum of the B
2
z in the upper CZ, where kc = 2⇡/W .

The depth-dependence of the (b) B2
z (k) and (c) B2

x(k)+B
2
y(k) when t = 160⌧cv, where zi/dcz = 0.125⇥i (i =

1 ⇠ 7).
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Fig. 3.— (a) A series of snapshots for the distribution of the Bz in the horizontal plane at z/dcz = 0.05.
Panels (a1)–(a6) are corresponding to t/⌧cv = 10, 20, 35, 70, 120 and 230, respectively. (b) A corresponding
time series of snapshots for the x–z distributions of the hBziy.
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Fig. 4.— (a) The temporal evolution of 2D Fourier spectrum of the B
2
z in the upper CZ, where kc = 2⇡/W .

The depth-dependence of the (b) B2
z (k) and (c) B2

x(k)+B
2
y(k) when t = 160⌧cv, where zi/dcz = 0.125⇥i (i =

1 ⇠ 7).

・surface	magne9c	structure	is	developed	and	sustained
・band-like	structure	(see	also,	Mitra+14;	Jabbari+17)
・common	in	the	dynamo	ac9ve	phase	of	all	the	models	magne9c	energy	(Bz	&	Bh)	peaks	at	the	box	size

Ro-dependence	of	Turbulent	Convec9ve	Dynamo③
One	interes9ng	outcome	:	spontaneous	forma9on	of	surface	magne9c	structure



3.	Mean-field	Model	Coupled	with	the	DNS:		
							-	How	Does	the	“Ro”	impact	on	the		
											Success	and	Failure	of	the	large-scale	Dynamo	?	-



Our	strategy	is	to		
determine,	from	the	simulaHon	results,	

Magnetic Dynamo Cycle in Rigidly-Rotating Turbulent Convection
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γ(z) = −τc∂z⟨⟨u2
z⟩⟩ ,

ηt(z) = τc⟨⟨u2
z⟩⟩ ,
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(τc = 2πHp/uz)(see	YM	&	Sano	14b	for	details	)

-	High	Ro	model	:	failed	dynamo	
			Low	Ro	model		:	successful	large-scale	dynamo	(Rocrit	=	0.015	~	0.04)

mean-field	decomposi9on： 
u = 〈u〉 + u’, B = 〈B〉 + B’ 	 Mean-Field	(MF)	

Dynamo	equa:on

smoothing		
approxima9on

turbulent	α-effect：induc9on	of	mean	B-field
turbulent	diffusion：diffusion	of	mean	B-field

Summary	of	our	MHD	simula:ons：●

How	“Ro”	impacts	on	the	success	and	failure	of	dynamo	?

Mean-Field	Dynamo	Equa:on	(skip	the	introduc9on	and	deriva9on)：●

	What	is	the	“physical	difference”	between	High	Ro	and	Low	Ro	models	??

-	Strong	theore9cal	framework	studying	the	large-scale	dynamo	in	the	turbulent	flow:	

consistent	with		
global	dynamo	model

(c.f.,	Krause	&	Radler	1980)	

(simplest	form)

no	mean-flow



①	Linear	Analysis
-	Dynamo			
				=	Instability	of	MFD	eq.
-	Compare	the	growth	rate

②	Non-Linear	Analysis
-	with	physics-based	model	of		
			non-linear	quenching	effect	[α	=	α(B)]
-	Compare	the	non-linear	behavior

・Profiles	of	turbulent	α-effect	are	similar	in	all	the	models	except	the	top	CZ	
Profiles	of	Dynamo	Coefficients	and	Strategy	for	the	Analysis

・turbulent	diffusion	effect	becomes	smaller	with	the	increase	of	the	Ω
Ro = 0.09   (model 1)
Ro = 0.04   (model 2)
Ro = 0.015 (model 3)
Ro = 0.005 (model 4)top	CZ bojom	CZ top	CZ

Mean-Field	(MF)	Dynamo	equa:on:
With	these	coefficients,	two-types	of	analyses	are	possible	

su
bs
9t
ut
e subs9tute



(a) Ro = 0.09 (τcv = 31)

(d) Ro = 0.005 (τcv = 54)

(b) Ro = 0.04 (τcv = 34)

(c) Ro = 0.015 (τcv = 44)
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(a) Ro = 0.09 (τcv = 31)

(d) Ro = 0.005 (τcv = 54)

(b) Ro = 0.04 (τcv = 34)

(c) Ro = 0.015 (τcv = 44)
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Results	of	MHD	simula:on

top	CZ bojom	CZ
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Local	Linear	Analysis	and	Dynamo	Growth	Rate

a2ω2 + a1ω + a0 = 0
When	plane	wave	perturba9on	∝ exp[i(kr - ωt)] is	added,	the	dispersion	equa9on	is	obtained	:●

・All	the	models	are	linearly	unstable	to	the	dynamo	both	in	the	top	and	bojom	CZ
・The	growth	rate	is	larger	in	the	model	with	the	smaller	Ro	(higher	rota9on)	
・The	dynamo	unstable	region	is	broader	in	the	model	with	the	smaller	Ro	(higher	rota9on)	

The	results	of	the	linear	analysis	is		
consistent	with	the	early	evolu9onary	stage	of	the	DNS	

This	local	dispersion	rela9on	is	applied		
to	the	global	structure	of	α	and	ηt

a0 = α2k2 - η2k4

a1 = 2iηk2

a2 = 1

●	Growth	rate	as	a	func9on	of	the	depth

(α2-type	dynamo)



(a) Ro = 0.09 (τcv = 31)

(d) Ro = 0.005 (τcv = 54)

(b) Ro = 0.04 (τcv = 34)

(c) Ro = 0.015 (τcv = 44)
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+	nonlinear	α-quenching

●	Results	of	our	MHD	simula:on ●	Results	of	MF	simula:on	+	quenching

This	suggests	that	the	balance	between	turbulent	α-effect	and	turbulent	diffusion		
determines	the	success	and	failure	of	the	large-scale	dynamo	at	least	in	our	simula9on.		

(α-effect	is	suppressed	with	the	increase	of	the	B-field)

(c.f.,	Brandenburg		
								&	Subramanian	05)

MF	Dynamo	equa9on：

with 

MHD	simula:on	v.s.	Non-Linear	Evolu:on	of	MFD	model	

Ro	=	0.005

Ro	=	0.015

Ro	=	0.04

Ro	=	0.09



model	4

Extension	of	the	MF	Model	coupled	with	the	DNS	to	3D	:	
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(a) (b) (c) 

・Just	solve	mean	induc9on	equa9on	(in	the	vector		
				poten9al	form)	in	3D	in	the	similar	way	as	the	1D.
・no	flow	field	except	the	given	turbulent	α	and	ηt

・Mean-field	dynamo	equa9on	:	

The	dynamo-generated	B-field	(Bz	component)	organized	spontaneously	in	the	upper	CZ.	

9me

Surface	structure	forma9on	may	be	also	in	the	MF	framework:

See,	Jabbari+17	for	
the	study	of	the			
similar	surface		
structure	forma9on		
in	the	forced-MHD		
turbulence

	Surface	structure	forma9on	may	be	a	natural	outcome		
	of	the	3D	evolu9on	of	the	MF	dynamo	equa9on	(s9ll	preliminary)



Why	Does	the	High-Ro	model	fail	to	sustain	the	Dynamo	?

In	the	linear	theory,	the	difference	between	High	and	Low	Ro	
models	is	only	the	size	of	the	unstable	domain	

●

None	the	less,	the	dynamo	decays	in	the	High	Ro	model.	● Ro	=	0.005

Ro	=	0.015

Ro	=	0.04

Ro	=	0.09

SUSTAIN

DECAY

(all	the	models	are	unstable	to	the	dynamo	linearly)

top	CZ bojom	CZ

Some	nonlinear	effect	kills	the	dynamo	?		

TEST	CALCULATION:		
-	non-linear	effect	is	controllable	in	the	MFD	model

(a)	with	non-linear	quenching

		(Ro	=	0.04)
→	switch	off	the	non-linear	quenching	effect

(b)	without	non-linear	quenching Even	without	the	non-linear	quenching		
effect,	the	dynamo	in	the	high	Ro	model	decays.

		(Ro	=	0.04)

This	implies	that	the	convec9on	structure	in	the			
High	Ro	model	is	unstable	locally,	but	is	stable	
globally	to	the	dynamo.
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・The	growth	rate	is	higher	and	the	unstable	wavelength	is	shorter	in	the	upper	CZ	

A	mechanism	of	the	surface	magne:c	structure	evolu:on

①the	shorter	λ	mode	grows		
　	ini9ally	in	the	upper	CZ
②the	longer	λ	mode	grows		
						gradually	in	the	mid-CZ	and		
						then	propagates	upward
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Based	on	the	linear	theory,	we	interpret	the	mechanism	of	the	surface	magne9c	structure	forma9on.
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③Finally,	the	band-like	structure	
						of	the	B-field	is	developed	in		
						the	upper	CZ



Summary

(a) Ro = 0.09 (τcv = 31)

(d) Ro = 0.005 (τcv = 54)

(b) Ro = 0.04 (τcv = 34)

(c) Ro = 0.015 (τcv = 44)
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Results	of	our	MHD	simula:on Results	of	MF	Dynamo	simula:on

Ro	=	0.005

Ro	=	0.015

Ro	=	0.04

Ro	=	0.09

and the local convective turnover time defined by
( ) ( )t = á ñrz H z uzcv,l

2
h
1 2 (dashed) are compared as a function

of the depth, where rº á ñrH dz d ln h. In the upper CZ, the
condition �t tcv,l pk,max is always satisfied. Since, in such a
situation, the small-scale convective motion violently disturbs
the coherency of the magnetic flux, we would have to say that
the Parker instability would not be responsible for the large-
scale structure formation observed in our simulation.

Next, the large-scale flow and its association with the surface
magnetic structure are analyzed. For casting light on the large-
scale pattern, the small-scale structures with k/kc  8 are
eliminated by applying Fourier filtering (e.g., Warnecke
et al. 2016; Jabbari et al. 2016). A series of snapshots where
á ñBz k8 and á ñuz k8 on the horizontal plane at z/dcz = 0.04, are
shown in Figure 5(a), where ·á ñk8 denotes Fourier filtering. The
overplotted arrows are the velocity vectors composed of á ñux k8

and á ñuy k8. Additionally, 2D spectra of Bh
2, Bz

2, rvh
2, and rvz

2 in

the upper CZ are also shown in Figure 5(b). The spectrum at
each depth is spatially averaged over the normalized depth
from 0.0 to 0.25 and is temporally averaged over 10τcv around
the corresponding reference time.
It is significant that, in the dynamo-saturated stage, the

bipolar “band-like” structure elongated along the direction of
the horizontal magnetic flux is predominant (see Figure 2(b)).
Although the faster horizontal flow and stronger downflow can
be found in/around the region with stronger Bz before the
dynamo-saturation (left column), a large-scale flow pattern is
not necessarily associated with the magnetic structure in the
dynamo-saturated stage (middle and right columns). In
addition, we can find from the spectra that the energy contained
in the large-scale magnetic components is much larger than that
of the large-scale flow in the upper CZ. This suggests that
large-scale flows are not the cause, but a consequence of the
large-scale magnetic structures in the upper CZ.

Figure 5. (a) A series of snapshots of á ñBz k8 and á ñuz k8 on the horizontal plane at z/dcz = 0.04. The overplotted arrows are the velocity vectors. (b) 2D spectra of Bh
2,

Bz
2, rvh

2, and rvz
2 in the upper CZ around the reference time tr.
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MHD	simula:on

MF	simula:on

x 

・"Ro”	is	a	key	for	studying	the	stellar	dynamo		
　	both	observa:onally	and	theore:cally

・MHD	simula:on	→	Rocrit	=	0.015	~	0.04	for	the	successful	large-scale	dynamo	
-	turbulent	α-effect	seems	to	depend	lijle	on	Ω
-	turbulent	diffusion	decreases	with	the	increase	of	Ω
-	the	dynamo	behavior	is	controlled	by	the	rela9onship	bet.	α	and	ηt

・Mean-Field	Dynamo	Model	Coupled	with	the	DNS:	
-	Proper9es	of	the	large-scale	dynamo	including	the	surface	
			magne9c	structure	forma9on	can	be	reproduced	qualita9vely
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that it may be possible for the small-scale motions alone to sus-
tain a dynamo. Having said that, it should also be emphasised
that these small-scale motions are not independent of the large-
scale flows and magnetic field in the system (we stress again
that all filtering is carried out in “post-processing”), and so the
small-scale motions are almost certainly strongly influenced by
the fact that a large-scale dynamo is operating. Whilst it is tempt-
ing to speculate that there may be some connection here with the
near-onset dynamos of (e.g.) Stellmach & Hansen (2004), which
rely purely on small-scale motions, we have not yet been able to
demonstrate this in a conclusive manner.

Having identified the components of the flow that are respon-
sible for driving the large-scale dynamo, we conclude this sec-
tion with a brief comment on the role of the magnetic boundary
conditions. Integrating Eqs. (20) and (21) over z, it is straightfor-
ward to verify that our magnetic boundary conditions (in which
Bx = By = 0 at z = 0 and z = 1) allow the net horizontal
flux to vary in time (c.f. the near-onset study of Favier & Proctor
2013). In particular, these boundary conditions allow for the dif-
fusive transport of magnetic flux out of the domain. Recalling
that the dynamo oscillates on a timescale that is of the same or-
der of magnitude as the ohmic decay time across the layer, it
is probable that the cycle period of the dynamo reflects the rate
at which horizontal magnetic flux can be ejected from the do-
main. Assuming that the simple mean-field ansatz of Eq. (22)
is a reasonable description of E , this process would be acceler-
ated by a positive β(z) at the boundaries (which would enhance
diffusion), so we should not be surprised to find examples of
this dynamo with a considerably shorter cycle period. Having
said that, even a large β(z) at the boundaries can only help if
the boundary conditions allow it to do so. If we were to modify
the magnetic boundary conditions to the Soward-Childress (per-
fect conductor) conditions of Bz = ∂By/∂z = ∂Bx/∂z = 0
at z = 0 and z = 1, that would mean that the total horizon-
tal flux would be invariant (initially set to zero). Under these
circumstances, we have confirmed that a simulation with the ref-
erence dynamo parameters produces only a small-scale dynamo.
Of course, we cannot exclude the possibility that there are re-
gions of parameter space in which a large-scale dynamo can be
excited via this large-scale vortex mechanism, with these per-
fectly conducting magnetic boundary conditions. However, we
can say that these simulations suggest that such a configuration
would be less favourable for large-scale dynamo action than the
vertical conditions that we have adopted here.

As a final remark, it is worth noting that one way of cir-
cumventing the dependence of this dynamo upon the magnetic
boundary conditions is to include one or more convectively sta-
ble layers into the system (Käpylä et al. 2013), which could re-
side either above or below the convective layer. Even if perfectly
conducting boundary conditions are applied, such a stable region
can act as a “flux repository” for the system: if the convective
layer can expel a sufficient quantity of magnetic flux into this
region, the large-scale dynamo could continue to operate as de-
scribed above (as is the case for run D1e in Käpylä et al. 2013).

3.2. Sensitivity to parameters

As indicated in Table 1, we have carried out a range of simula-
tions to assess the sensitivity of the reference solution dynamo to
variations in the parameters. Cases B1–8 were all initialised from
our standard polytropic state, whilst cases C1–5 were initialised
from the reference solution (A2). Cases D1–3 investigated the
effects of increasing Ra and Ta at fixed convective Rossby num-

Fig. 7. Ek as a function of RaEk4/3(= R̃a) from various studies in
the literature where large-scale dynamos were present (blue symbols) or
absent (red). Data is shown from Käpylä et al. (2009) (⋄), Käpylä et al.
(2013) (✳), Stellmach & Hansen (2004) (+), Favier & Bushby (2013)
(!), Masada & Sano (2014b, 2016) (△), Cattaneo & Hughes (2006)
(×), and Guervilly et al. (2015) (⃝). The green and orange diamonds
correspond to the present study with (green) or without (orange) large-
scale dynamos. The shaded area shows the parameter region where
large-scale vortices are present in the hydrodynamic regime. The
darker area corresponds to the large-scale vortex region identified by
Guervilly et al. (2015), whereas the small grey diamonds and the star re-
fer to the simulations of Favier et al. (2014) and Stellmach et al. (2014),
respectively.

ber, Roc. Finally, case E1 is a pseudo-Boussinesq calculation
with the initial density varying linearly between 0.9 and 1.1; all
other parameters (including the polytropic index) were identical
to the reference solution.

When comparing dynamos at different rotation rates, it is

convenient to consider the modified Rayleigh number, R̃a =
Ra/Ta2/3. For ease of comparison with previous studies, it is
worth recalling that the Ekman number,Ek, is related to the Tay-

lor number by Ek = Ta−1/2. So R̃a is equivalent to RaEk4/3,
which tends to be the more usual form of this parameter in the
geodynamo literature. Figure 1 of Guervilly et al. (2015) sug-

gests that R̃a must exceed a value of approximately 20 for the
large-scale vortex instability to operate (obviously rapid rotation

is also required). For the reference solution, R̃a ≈ 38, which
is certainly consistent with that picture. The other point to note
from Fig. 1 of Guervilly et al. (2015) is that (in the absence of
a large-scale vortex instability) large-scale dynamos tend to be
restricted to a small region of parameter space in which the layer
is rapidly-rotating (i.e. Ta > 108; equivalently, Ek < 10−4)

and the convection is only weakly supercritical (typically, R̃a is
O(10)).

Following a similar approach to that of Guervilly et al.
(2015), Fig. 7 shows how the simulations that are reported in
this paper compare with others in the literature. These dynamo

simulations are classified according to R̃a = RaEk4/3 and Ek
(the Ekman number has been used here, rather than the Taylor
number, for ease of comparability with Guervilly et al. 2015).
The shaded area indicates the approximate region of parame-
ter space where the large-scale vortex instability has been ob-
served, although the limits of this region do also depend to some
extent on the aspect ratio of the corresponding simulation do-
mains. The parameter regime in the lower right part of the plot is
also likely to support large-scale vortices but numerical simula-
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Our	large-scale	dynamo	in	the	Ek	-	RaEk4/3	plane
Bushby	et	al.	(2017)	parametrically	studied	the	success	and	failure	of	the	large-scale	dynamo:

The	model	in	which	the	large-scale	dynamos	were		
present	(blue	&	green)	or	absent	(red	&	orange)	

model	1

model	2

model	3
model	4

failed

success

density@top CZ density@mid CZ density@bottom CZ

density distribution  
overplotted by   
horizontal flow field  
@mid CZ


