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We extend an existing Born approximation model for calculating the linear sensitivity of helioseismic
travel-times to flows from Cartesian to spherical geometry. This development is necessary to use the
Born approximation for inferring large-scale flows in the deep solar interior. Two consistency tests show
that results for our sensitivity kernels agree with reference values to within a few percent. Consequently,
we evaluate the impact of different data analysis filters on the kernels for a meridional travel-distance of
42 degrees. When mainly low-degree modes are used (roughly | < 70), the sensitivity is concentrated
In deeper regions and it visually best resembles a ray-path like structure, otherwise the sensitivity is
concentrated near the surface. Among the different low-degree filters used, we find the phase-speed
filtered kernel to be best localized at depth.

Meridional Flow Example Kernels for A = 42°

Zero-Order Problem

We assume a spherically symmetric, non-rotating Sun without interior perturbative flows as given by
Model S [1]. Solar oscillations are modeled by a damped and driven wave equation (see also [2] and [3]),

Z[5]=S8

where S(r, w) are stochastic sources, &(r, w) is the oscillatory displacement at location r at frequency
w, J€ is the linear wave operator (Eq. 3.245 in [4]) , I describes damping, and p, denotes density.

The zero and first-order problems are solved using oscillation eigenfunctions glmn(r), for which
%[glm"(r)] = a)lzn §lm”(r) with eigenfrequencies w;,,, and which were calculated with model S [1]
and ADIPLS [5].

ZE(r, w)] Epo(—wz—Zin+%”)[§(r, w)], (1)
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Figure 1: Example zero order power spectrum (left) and time-distance diagram (right), computed with
the same specifications as for K, see Table 2, but with [ < 1000 and with the same OTF as in Figure 2
in order to better match observations.

First-Order Problem and Spherical Kernels

The equation for the first-order (i.e., single-scattering) Born approximation to the perturbed wave equation
in the presence of flows is, see [2],

(£ +62L)E+6E]=S+6S. (2)

We assume 0S = 0T = 0 (see [6]). We also neglect the second order term 6 £Z[06& |. Following [3], we
assume that the perturbation to the wave operator is given by wave advection. Equation (2) is used to
solve for the perturbative wave field in the presence of flows, 6 &, and to find a linear relation between the
perturbation to the zero order cross-correlation, 6 C, and the flow v(r), using the perturbed line-of-sight
projected and filtered Doppler signal produced by the wave field, ® + 09,

27T
OC(ry,ry, w) = TE[Q)*&P + 5<I>*<I>] = f v(r)- 6(r;,1,, w;r)d°r. (3)
©
Taking into account the effect of 6C on the observed perturbed travel-times, 674y, through the fitting

procedure (W), the sensitivity kernel K can be obtained from

O Tyisi(T1,10) = f Wiir(11, 19, t) 0C(11,1,, t)dt = f K(rq,1y;1) V(1) d’r. (4)

. ®

In order to extend the code from Cartesian (see [3]) to spherical geometry, the eigenfunctions are written

§lm“(r):[Rln(r)é(r)+ ") (é(9)89+

B0 (405, 80 Vo 6

Sanity Check
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Figure 2: Horizontal cuts at the source depth through the sensitivity of travel-time differences to zonal
flows, K, (left, spherical code) and K, (right, from the Cartesian code used by [3]). The two observation
points are located on the equator (y = 0) at x = £5 Mm.

Kernel max(Ky ) min(Ky ) fK¢ d>r mm(f Ky dQ)  Vpean v at max. int. power
[s*/(Mm®km)]  [s*/(Mm’km)] [s/(m/s)] [sm '/(m/s)] [mHZ] [mHz]
Fig. 2 in [3] 1.431 -4.421 -0.1887 -0.1067 2.77 2.70
Cartesian example 0.236 -0.848 -0.1193 -0.0446 2.55 2.41
Spherical example 0.233 -0.806 -0.1191 -0.0445 2.53 2.27

Table 1: Key Characteristics of Sanity Check Example Kernels

Conclusions:

(1) As a first sanity check of our newly developed spherical kernel code, we compute an example kernel
the results of which are in good accordance with those from an existing Cartesian code [3].

(2) The kernels show a strong dependence on the underlying power spectrum: A change of 0 YV, ean =
0.2 mHz changed the mean sensitivity from —0.1887s/(m/s) to —0.1193s/(m/s), see Table 1.
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; Figure 3: Perturbations to the travel-time difference
_s| 1 as a function of the equatorial surface flow veloc-
[ ity in the case of uniform rotation. The observa-
% —10f 1 tion points are assumed to be aligned in W-E di-
£ rection on the equator at a distance of 42°. We
_ 1 show forward-modeled travel-time differences from
—1or 1 the kernel (solid line) and from an analytical solu-
] 1 tion to the perturbed cross-correlation (crosses).
T e T a0 a0 500
Equatorial surface flow velocity [m/s]
Kernel Filter meanl mean v [mHZ]
K, [ <170 84 2.933
K, [ <99 49 2.929
K4 [ <79 39 2.928
K, [ <49 24 2.927
K- Gaussian ([, =45,00=8),15<[ <75 45 2.928
K¢ phase-speed [7], [ <170 46 2.995
Table 2: Key Characteristics of A = 42° Example Kernels
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Figure 4: Vertical cuts at the central meridian through example travel-time sensitivity functions for merid-
ional flow, K, for a travel distance of A = 42°. The locations of the observation points are marked with
blue bars.

Conclusions:
(1) Total integrals of our spherical sensitivity kernels agree with reference values to within a few percent,
see Figure 3.

Table 2 and Figure 4:

(2) The kernels show a strong dependence on the choice of data analysis filter.

(3) When using higher-degree modes (roughly 90 S I S 170, K and K,), the sensitivity shows a large-
valued ringing-like pattern near the surface.

(4) When lower-degree modes are used (I S 70), the sensitivity is concentrated in deeper regions and it
visually best resembles a ray-path like structure.

(5) Among the different low-degree filters, the phase-speed filtered kernel is best localized at depth.

Summary

A newly developed model for computing spherical Born Approximation kernels for inferring large-scale
flows in the solar interior using time-distance helioseismology is presented. Our method was succesfully
tested and a number of consequences of the choice of data analysis filters on the kernels were evaluated
(see conclusions above).

As a further consequence for interpreting observations, we note that travel times have to be interpreted
with caution (see also, e.g., 8 and 9). The choice of filtering (not to filter is also a choice) may introduce
significant differences in the kernels and the response may be sensitive to a small change in the set of
modes used. It is an open question, however, how inversion results are affected by such changes in the
kernels.
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